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Abstract

Various types of po-groups with a quasi-divisor theory (including po-groups with an indepen-
dent theory of quasi-divisors and po-groups with a theory of quasi-divisors of finite character)
are characterized by various ¢-valuations. Relationships between po-groups and integral domains
(including relationships between po-groups with independent theory of quasi-divisors and inde-
pendent rings of Krull type and relationships between well behaved integral domains and their
corresponding groups of divisibility) are investigated. (© 1997 Elsevier Science B.V.

1991 Math. Subj. Class.: 13F05, 06F15

1. Introduction

Aubert [2] introduced the notion of a theory of quasi-divisors for directed partially
ordered groups ( po-groups) as a natural generalization of the theory of divisors which
was introduced by Skula [21]. It is well known that there exists an internal characteri-
zation of po-groups which admit a theory of divisors, namely, positive cones of these
groups are Krull monoids (see [5]). An internal characterization of po-groups with a
theory of quasi-divisors is also available: These groups are ¢-Priifer groups (i.e., every
finitely generated z-ideal is ¢-invertible), as was proved by Jaffard [14]. A very impor-
tant role in the characterization of po-groups with a theory of divisors is valuations of
these groups, i.e., order homomorphisms of these groups onto totally ordered groups
po-groups. Using these valuations, it is possible to characterize a group with a theory
of divisors as a po-group G with a family W of valuations of G onto o-groups of
integers Z such that for each g € G, w(g) = 0 for almost all w € W (see [5]). In
[8] it was proved that an analogous characterization is also valid for po-groups with
a quasi-divisors theory of finite character.
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In this paper we would like to characterize various types of po-groups with a quasi-
divisor theory by various ¢-valuations. One of the principal results of this paper is the
relationship between po-groups with an independent theory of quasi-divisors which
were introduced in [8] and independent rings of Krull type which were introduced by
Griffin [10]. Moreover, we show that the notion of a well-behaved domain introduced
by Zafrullah [23] is of purely multiplicative character.

All results in this paper concern po-groups. But all these results can be simply modi-
fied for commutative and cancellative reduced monoids, since if S is such a monoid
and Q(S) is the total quotient group of §, then Q(S) is a po-group ordered by the
division relation with respect to S, i.c.,

a,be Q(S),a<b&s (IseS) b=as.

Then Q(S);+ =S and all results for a po-group O(S) may in a natural way be modified
for S. For more relationships between po-groups and semigroups, also see [8].

The notion of a po-group with a theory of quasi-divisors was explicitly introduced for
the first time by Aubert. P. Jaffard [14] proved several characterizations of these groups
without mentioning the relationship between these groups and groups with a theory of
divisors. Recall that a directed po-group (G, ., <) has a theory of quasi-divisors if there
exists a lattice ordered group (/-group) (I',.,A,V) and a map h: G — I' such that

(1) 4 is an order isomorphism from G into I',

(2) (Va € I')X(3g15...,9n € G) a =h(g1) A -+ N h(gn).

If I' is a free abelian group Z‘” with componentwise ordering, then 4 is called a
theory of divisors.

t-ideals are an important tool for investigating groups with a theory of quasi-divisors.
Recall that a t-ideal generated by a finite set X in a directed po-group G is the set
X, ={g€G:ifse€ G is a lower bound of X, then g > s}. If X is a lower bounded
subset of G, then X; = |J{K;: K is a finite subset in X'}. We may define on the set of
t-ideals £(G) a t-multiplication X, X, ¥, = (X;Y,), = (XY),. If h: G — I' is a theory
of quasi-divisors, then I' is o-isomorphic to the Lorenzen t-group of G, i.e., the group
of all finitely generated t-ideals of G under ¢-multiplication. Further, we say that a
group homomorphism f : Gy — G, is a t-homomorphism if f(X,) C(f (X)), for any
lower bounded subset X C G;. A t-homomorphism is then called a t-valuation if G,
is a totally ordered group, i.e., an o-group. For more details about t-systems, see €.g.
[2, 14].

2. Theory of quasi-divisors of finite character

In the valuation theory of commutative fields, the notion of an essential valuation
is well known. Recall that a valuation w of a field K with valuation ring R, and
value group G, is essential on an integral domain 4 with quotient field K if R, =
Ap(yy, Where P(w) = {a € A4: w(a) > 0}. The notion of an essential valuation was also
introduced for valuations of a monoid S (a monoid here will always be commutative,
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cancellative, and reduced) as a homomorphism w : Q(S) — G,, such that w(S) C G}
and for any z € Q(S) such that w(z) > 1 there exists x € S such that w(x) = 1 and
zx € § (see [8]). To unify both these definitions we say that an essential t-valuation
of a directed po-group G is a t-homomorphism w of G onto an o-group G, such
that ker w is a directed subgroup of G, i.e., ker w is an o-ideal of G,, and w is an
o-epimorphism.

In [8, Theorem 3.5], we proved that for any po-group G with a theory of quasi-
divisors h : G — I there exists a defining family of essential ¢-valuations. Recall that
a family W of ¢-valuations is called a defining family for G, if

VMgeG)gzle(WwelW)wy)> 1.
We say that W is of finite character, if
(Vg € GY¥'w e W) w(g) =1,

where V' means “for all but a finite number”. Then a theory of quasi-divisors of G is
said to be of finite character, if there exists a defining family of ¢-valuations of finite
character for G. In [8, Theorem 3.8], we presented some characterizations of such
po-groups and in [8, Theorem 5.5], we proved that an integral domain R is a ring of
Krull type if and only if its group of divisibility G(R) has a theory of quasi-divisors
of finite character. Recall that an integral domain R is a ring of Krull type if it is
defined by a family of essential valuations of finite character. Moreover, the group
of divisibility of an integral domain R is the multiplicative group G(R) = K*/U(R),
where K* = K\ {0} is the multiplicative group of the quotient field K of R and U(R)
is the group of units of R.

Griffin [11] proved another characterization of rings of Krull type by using the so
called Conrad’s (F)-conditions. We prove an analogous characterization for po-groups
with a theory of quasi-divisors of finite character.

First recall that a lattice ordered group (i.e., an /-group) I' satisfies Conrad’s (F)-
conditions if each positive element of I' is greater than only a finite number of pairwise
disjoint elements.

Theorem 2.1. Let G be a directed po-group. Then the following statements are equi-
valent:

(1) There exists a theory of quasi-divisors h : G — I' of G such that I satisfies
Conrad’s (F')-conditions.

(2) G is a t-Priifer po-group in which no element belongs to an infinite number of
maximal t-ideals.

(3) G is defined by a family of essential t-valuations of finite character.

(4) G admits a theory of quasi-divisors of finite character.

Proof. (1) = (2): Let h: G — I' be a theory of quasi-divisors such that I' satisfies
Conrad’s (F)-conditions. It follows that G is a ¢-Priifer po-group (see [14, 2]). Let
g € G. Then any set A CI" of pairwise disjoint elements of I" such that A(g) > « for
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all @ € 4 is finite. Let {a,...,a,} be a maximal subset with this property. Since A is
a theory of quasi-divisors, for each i,1 < i < n, there exists a finite subset 4° C G such
that a; = inf h(4'). Hence, h(g) € (h(4')), for each i, and it follows that also g € 4%
Let P; be a maximal t-ideal of G such that 4° C P;. The existence of P; follows from
[14, Ch. 1, par. 4, Theorem 9]. Then g € P; for any i, and there is no other maximal
t-ideal containing g. In fact, let PC G be a maximal #-ideal such that ¢ € P and
P # P; for each i. Then for each i there exist b; € P\ P; and a; € P; \ P. We then
have 42 & P for all i. In fact, if for some i, 4} C P, then a; ¢ A} and b; € A, and we
have

(A, ai) & (A,bi) and  (4y,b;) & (4, @)

Let Bi = inf h((4},a:),), B2 = inf ({4}, b;),). Then h(g) > o = inf h(4}) > p1,p> and

Bi # B2 and B # fr. Set B = Bi(BiAB2)~" and B = B2(B1AB2) . Then BAR, = 1
and h(g) > B; > Bi. But in this case,

{aly'-'9ai—lsﬂiaﬂéaai+1’---9“7[}

is a larger set than the set {ay,...,a,}, a contradiction.

Therefore, A1 ¢ P for all i. But in this case, it follows that (), 4, & P, since
otherwise []; 4} CM);4} C P, which contradicts the fact that P is a prime t-ideal. It
follows that a; V---V o, > o, = inf A(P) and a1 2 o; for all i. Then set

it = U1 (Onpr Ao Vo V)7l

7 —1 .
o =i Aotr)”, i=1,...,n

According to [11, Lemma 6], {of,...,a, ,} is a set of pairwise disjoint elements such
that ! < a; < h(g) for all i, which contradicts the maximality of the original set.
Therefore, (2) holds.

(2)=(3): Let .#; be the set of all maximal ¢-ideals of G and let #¢ be the set
of all prime #-ideals of G. Then it follows from [17, 2.9], that the canonical map
G2 G/[P] is a t-valuation for all P € P, where [P] is the convex subgroup of G
generated by G, \ P. Moreover, we have (\yc 4. [M] = Npeyp [P] = {1}. Hence,
W ={wy:M € #s} is a defining family for G of finite character, and since [M] is
an o-ideal, wys is an essential ¢-valuation.

(3)=(4): This was proved in [8, 3.8].

(4)= (1): Let A: G — I be a theory of quasi-divisors of finite character, i.e., there
exists a defining family W of ¢-valuations for G of finite character. Let W be the set
of canonical extensions of valuations from W onto valuations (i.e., /-homomorphisms)
of I'. According to [8, 3.4], Wisa defining family of I" of finite character. Let @ € I'y
and let I CI', be a subset of pairwise disjoint elements such that o > f§ for all g € I.
For B € IU {a} we set Wy = {w € W:w(B)# 1}. Then Wy C W, for all B € I, and
W, and Wj are finite. Assume that I is not finite. Then there exist 8,y € 1,8 # y, such
that Wg = W,. But in this case we have Ay # 1, since for w € Wg = W, we have
w(B) Aw(y) > 1, a contradiction. Hence, I" satisfies Conrad’s (F)-conditions. [
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In [18] we presented a method for constructing po-groups with a strong theory of
quasi-divisors as special subgroups of the restricted Hahn group H(4,7Z) on a root
system 4. Recall that H(4,Z) is the group Z“ such that

a€H(A,Z), a>0 & a,>0 for all « € ms(a),

where ms(a) is the set of all maximal elements in supp(a). Recall that a partially
ordered set A is finitely atomic if for any o € 4 the set {o: ¢ is an atom in 4,0 < a}
is nonempty and finite. In [18, 3.1], we proved that if 4 is finitely atomic, then H(4, Z)
is finitely atomic as well.

Proposition 2.2. If A is finitely atomic, then H(A,Z) satisfies the Conrad’s (F)-
conditions.

Proof. Let a € H(A4,Z), a > 0 and suppose that there exists an infinite set / in
H(A4,Z) of pairwise disjoint elements smaller than a. According to [18], H(4,Z) is
finitely atomic, and it follows that for any b1,b; € H(A,Z), such that by A b, = 0,
b; < a, the sets A(b;) = {s:s is an atom in H(4,Z),s < b;}, i = 1,2, are finite, and
A(b1) N A(by) = 0. Hence, we have

UAB)C{s: s is atom in H(4,Z),s < a}(= 4),
bel

and A is infinite, a contradiction. [

In [18] we introduced a method for constructing subgroups G of H(A4,7Z) for which
the inclusion map G — H(4,Z) is a theory of quasi-divisors. From Theorem 2.1 and
Proposition 2.2 it follows that if 4 is finitely atomic, all such subgroups admit a theory
of quasi-divisors of finite character.

Griffin [10] introduced the notion of an independent ring of Krull type as a ring of
Krull type which is defined by a family of pairwise independent valuations. In [8] a
po-group G with an independent theory of quasi-divisors was analogously introduced
as a po-group with a theory of quasi-divisors for which there exists a defining family
W of t-valuations such that elements of W are pairwise independent. Here we recall
that if w;,w, are two t-valuations of a po-group G, then w; is said to be coarser
than wy (w > w,) if there exists an o-epimorphism d, ., such that w, = d,, ., w.
It may be then proved (see [17]) that for any two t-valuations wi, w, there exists the
infimum w; A w, (with respect to this preorder relation). Then dy,w, (resp., dw,w,) is
an o-epimorphism such that wi A wy = dyw, W1 = du,u,w2. Hence, dy,w, = dy; wiam,-
If W is a system of ¢-valuations of a po-group G and W' C W, then a system (g, )., €
]’[weW, G,, of elements is called compatible provided d,(g,) = dwuw(g,) for all w,v €
W'. W' is said to be an independent family if for all w,v € W' with w # v, wA v
is the trivial ¢-valuation. Finally, (gy)wew- is called complete if | J, .p W(gw) = W/,
where W(gw) = {ve W:du(gy) # 1}.

In order to prove some characterizations of groups with an independent theory of
quasi-divisors we first need some notations and a lemma.
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Let W be a defining family of /-valuations of a po-group G. For a lower bounded
subset X of G we set

X, ={g € G: (Yw e W)Ja € X) w(g) > w(a)}.

Jaffard [14] proved that this defines an r-system of ideals of a po-group G (the r-
system defined by W). Further, W is said to satisfy the approximation theorem if for
all wi,...,w, € W and any compatible and complete system (gi,...,d»), there exists
g € G such that

wi(g)zgia i=1,...,n,
w(g) > 1, WEW\{W],...,W,,}.

Lemma 2.3. Let W be a defining family of t-valuations of finite character for a
po-group G. For w € W, set M, = {g € G: w(g) > 1}.

(1) The r-system defined by W is the t-system.

(2) For any t-ideal P, of G and any g € G,

ge P & (Ywe W) wlg) e (WP)):.

(3) If W is an independent family and satisfies the approximation theorem, then
{M,:w € W} is the set of all maximal prime t-ideals of G.

Proof. (1) Let X be a lower bounded subset of G and let g € X,. Then there ex-
ists a finite subset K CX such that ¢ € K|, and for any w € W we have w(g) €
w(K;)) CwW(K)), = (w(ky,)), for some k, € K. Hence, w(g) > w(k,) and it follows
that g € X,. Conversely, let g € X, and let oy € X be arbitrary. Then there exist at
most a finite number wy,...,w, € W such that

1=w(g)=w(a), weW\{wy,...,w,}.

Since g € X,, for any i, 1 < i < n, there exists @; € X such that w;(g) > wi(a;). It
follows that g € (ay,ay,...,a,)r. Hence, the r-system X, is of finite character and it
follows that X, C X,.

(2) Let P be an arbitrary t-ideal of G and let g€ G. If g€ P, for all w € W we
have w(g) € w(P;) C(w(P)),. Conversely, if w(g) € (w(P)), for all w € W, then for
any w there exists a finite subset K,, CP such that w(g) € (W(Ky)), = (w(ky)), for
some k,, € K,,. Hence, g € P, = P, according to (1).

(3) It is clear that M, is a t-ideal. Let v,w € W, w # v. Then (1,g,) is a complete
and compatible system for any g, € G,,g, > 1, and according to the approximation
theorem there exists g € G such that w(g) = g4,v(¢9) = 1. Hence, M,, & M, and
analogously M, ¢ M,,. We show that M,, is maximal. Let g € G be such that w(g) = 1.
Then (M,,,g); = G.. In fact, let v € W. If v = w, we have 1 € (v(M,,),1),. If v % w,
then there exists a € M,, \ M, and 1 € (v(a),v(g)), C(v(My), v(g)):. According to (2),
(M,,g); = Gy and M, is a maximal t-ideal. Now let M be another maximal f-ideal
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in G. According to (2), there exists w € W such that 1 € (w(M)),, and it follows that
MCM,. Hence, M =M,. O

Theorem 2.4. Let G be a po-group with a theory of quasi-divisors. Consider the
Sfollowing statements:

(1) G admits an independent theory of quasi-divisors.

(2) Any prime t-ideal of G is contained in a unique maximal t-ideal,
Then (2) = (1). If G admits a theory of quasi-divisors of finite character, then also
(1) implies (2).

Proof. (2) = (1): Since G is a t-Priifer group, according to [17, 2.9], for any prime
t-ideal P of G the canonical o-homomorphism wp : G — G/[P] is a t-valuation, where
[P] is the directed subgroup generated by G, \ P in G (i.e., a t-local o-ideal). Then
W = {wy: M is maximal t-ideal of G} is a defining family for G (see [17, Corollary
and 2.9]). If for some different maximal ¢-ideals M, M,, the f-valuations wy,, wyy, are
not independent, there exists a nontrivial ¢-valuation w of G such that w = way, Awyy,.
Then according to [2, Theorem 8], w is equivalent to some ¢-valuation wp for some
prime ¢-ideal P of G, and it follows that P C M| N M,, a contradiction.

Now suppose that G admits a theory of quasi-divisors of finite character and let (1)
hold. Let W be an independent defining family of #-valuations for G of finite character.
For any w € W, let w be an extension of w onto a ¢-valuation of the Lorenzen z-group
I' = A(G) such that wh = w, where h : G — I is the natural embedding. Then
ker w is a prime /-ideal of I' and according to [17, 2.9], there exists a prime ¢-ideal
P of G such that for the canonical s-valuation wp : G — G/[P] we have wp = @w
for some o-isomorphism ¢. Hence, there exists a set 2 of prime ¢-ideals of G such
that Wy = {wp: P € 2} is an independent defining family of finite character for G.
Suppose that for some P € #, P is not a maximal ¢-ideal. Let M be a maximal ¢-ideal
of G such that P C M. Then wy is a z-valuation of G and W’ = (W \ {wp})U {wy}
is an independent defining family of finite character for G. In fact, it is clear that
W' is a defining family for G. If there exists O € @ (Q # P) such that wy and
wp are not independent, then there exists a nontrivial #-valuation w of G such that
w = wy Awg < wy. Since wp < wyy, the valuations w and wp are comparable. If
w > wp, then wp < w < wp, and it follows that wp A wg is nontrivial, a contradiction.
If w <wp, then wp A wg > w, a contradiction. Hence, W' is independent.

Repeating this procedure, we obtain an independent defining family of ¢-valua-
tions W = {wy: M € #}, where .# is a set of maximal f-ideals. We show that
in this case .# contains all maximal ¢-ideals of G. In fact, let M, be a maximal ¢-ideal
of G. Since 1 ¢ M, it follows from Lemma 2.3(2) that there exists P € £ such that
1 ¢ (wp(M)),. If P is maximal, we have P € .#. Otherwise, there exists 0 € .#
such that P C O (this follows from the construction of #7). Since wp < wp, we have
1 & (wo(M)),. Let Tp = {g € G4: wp(g) > 1}. It is clear that Tp is a t-ideal in G and
M =M, CTy. Since M is a maximal ¢-ideal, M = Tp. On the other hand, Tp = Q
since wy is the canonical homomorphism G — G/[Q]. It follows that M = Q € .#.
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Now, if there exists a prime #-ideal P of G such that P C M1 NM, for different maximal
prime t-ideals M;, we have wy, € W and wp < wyy, A wy,, a contradiction. [

We now want to derive some relationships between po-groups which are defined by
two defining families.

Let G and G’ be po-groups, & : G — G’ an o-homomorphism, and let W and W',
respectively, be defining families of 7-valuations of G and G’. Then W’ is said to be
coarser than W (with respect to k), in symbols W’ <, W, if there exists an injective
map o : W' — W such that for each w’ € W’ there exists an o-homomorphism 4,
such that the following diagram commutes:

h
G — G
a(w’) l l w’
h,
Ga(wl) e Gw’

In [18, Proposition 2.4], we proved that if G has a theory of quasi-divisors and H
is an o-ideal of G, then G/H has a theory of quasi-divisors as well. Moreover, in this
case there exists a defining family of ¢-valuations for G/H. In next propositions we
want to show that there is a deeper relationship between defining families for G and
G/H . First, the following simple proposition holds.

Proposition 2.5. Let G and G’ be po-groups and let h : G — G’ be an o-epimorphism.
Let W and W' be defining families of t-valuations of G and G', respectively, and let
W' be coarser than W with respect to h. Then

(1) If W is of finite character, then W' is of finite character.

(2) If every w € W is essential on G, then every w € W' is essential on G'.

(3) If W is an independent family, then W' is an independent family.

Proof. Let ¢ : W' — W be the injection from the defininiton of W' <, W.
(1) Let ¢’ € G',g’ # 1, and let g € G be such that h(g) = ¢’. Then if w'(g") # 1,
we have ¢(w')(g) # 1 and o induces an injection

W e W :w(g)#1} - {o(w) € W:a(w')(g) # 1}
C{weW:wg)# 1}

Therefore, if W is of finite character, the same property holds for #’.

(2) Let ¢’ € ker w' and let g € G be such that A(g) = ¢g'. If w(g) > 1 then there
exists £ € ker w such that gz > 1. Since w is essential, there exists £ € ker w such
that £, > 1 and ¢, > ¢. Hence, gty > g and g¢ > 1 and A(f;) > ¢’ and A(z;)) > 1,
h(t;) € ker w. Since w'h = h,o(w') is an o-epimorphism, it follows that w' is an
o-epimorphism as well.

(3) This follows easily from the definition of W/ <, W O
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If (G,x) and (G, y) are partially ordered groups with r-systems, then a homomor-
phism ¢ : G — G is called a (x, y)-morphism if for any lower bounded subset 4 C G,
@(4x) S(¢(4)), holds.

Lemma 2.6. Let H be an o-ideal of a po-group G. Then the canonical o-homomor-
phism ¢ : G — G/H is a (t,t)-morphism.

Proof. Let 4 be a lower bounded subset of G and let x € A4,. Then there exists a
finite subset K C A4 such that x € K. Let « = ¢(a) be a lower bound of ¢(K) in G/H.
Then for any k& € K there exists Ay € H such that a + A < k. Since H is directed,
there exists # € H such that & < h; for all £ € K, and we obtain ¢(x) > «. Hence,

o(x) € (oK) S(@(4)). O

Proposition 2.7. Let W be a defining family of t-valuations of finite character for a
po-group G and let H be an o-ideal of G. Then there exists a defining family Wy
of t-valuations for G/H such that Wy <; W, where h : G — G/H is the canonical
o-epimorphism.

Proof. Let w € W. We set
H, = {v: v is a t-valuation of G,H C ker v, ker wC ker v}.

Let K be the core of X = ﬂveHw ker v, i.e. the convex directed subgroup gener-
ated by the positive elements of X. Then K is an o-ideal of G, and H CK and
ker w C K. It follows that G/K is an o-group, and according to Lemma 2.6, the canon-
ical o-homomorphism w : G — G/K is a t-valuation. Hence, w is the greatest element
in H,.

Now, let w': G/H — G/K be the canonical o-epimorphism defined by w, i.e.,
w'h = Ww. Since ker w' is directed, w' is a f-valuation according to Lemma 2.6. Let
Wy = {w': w € W}. Since there exists a map from W onto Wy, we obtain an injection
o : Wy — W such that the diagram commutes.

h
— G/H

G
| |-

Ga(w/) = Gw — G/kerw = Gwl

Hence, Wy <, W. We show that Wy is a defining family for G/H. Let gH € (G/H),..
Since H C ker w', we have w'(gH) > 1 for all w' € Wy. Conversely, let xH € G/H
be such that w/(xH) > 1 for all w' € Wy. Fora € H,, put W, = {w € W: w(xa) < 1}.
Since W is of finite character, W, is finite for any a, and there exists a € H, such
that ¥, is minimal in the set of all W,, b € H,, ordered by inclusion. Assume that
Wa# 0 and let w € W,. Then w(ax) < 1, and there exists a greatest convex subgroup
4 in G, such that w(ax) & A. Let v be the t-valuation G5 G,, ks G,/4. Then v < w
and v(ax) < 1. Consider the only two possible cases.
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(1) HC ker v. Since ker wC ker v, we have v € H,, and v < w, the greatest ele-
ment in H,,. Then w' € Wy is a ¢t-valuation such that the following diagram commutes:

G, — (I} = G — G/H
I T N
G,/4 =—=G,/4 «— G; —= Gy

According to the assumption, we have w(xa) = w/(xH) > 1. Then v(ax) =
@(w(xa)) > 1, a contradiction.

(2) H £ ker v. Then there exists b € H such that v(b) > 1. Assume that w(b"ax) <
1 for all natural numbers n. Let A’ be the convex subgroup of G, generated by w(b).
Then w(ax) ¢ A’, and it follows that A’ C A. Therefore, w(b) € 4/ ' C A and v(b) =1, a
contradiction. Hence, there exists a natural n such that w(b"ax) > 1. We have b"a € H
and Wy, C W, \ {w}. In fact, w & Wpn,, and for u € Wy, we have u(b"ax) < 1, and it
follows that 1 > u(¥")~! > u(ax). Hence, u € W,. It follows that W, is not minimal, a
contradiction. Therefore, W, = @ and xa > 1. It follows that Wy is a defining family
for G/H. O

Recall that a theory of quasi-divisors # : G — I is called a strong theory of
quasi-divisors (see [17]), if

Va,Bel N Iyely)ayeh(G,pAry=1.

It may be proved that any strong theory of quasi-divisors is also a theory of quasi-
divisors. Moreover, if 4 is a strong theory of quasi-divisors and I' is the free abelian
group ZP) with componentwise ordering, then 4 is called a strong theory of divisors
[21]. It is well known that in this case every element of I'y is the infimum of two
elements of A(G) (see [21, 2.2]). Moreover, since the group of divisibility G(4) of
an integral domain 4 admits a (strong) theory of divisors if and only if 4 is a Krull
domain, it follows in this case that every finitely generated z-ideal of G(4) is generated
by two elements. We first prove an analogous result for po-groups with a strong theory
of quasi-divisors.

Proposition 2.8. Let h : G — I’ be a strong theory of quasi-divisors. Then every
finitely generated t-ideal of G is generated by two elements.

Proof. Let (ay,...,a,); C G, and let & = h(a;)A--- Ah(a,). Then there exists y3 € I'y
such that ay; = h(gy) for some g; € G. Further, there exists y, € I'y such that
ayy = h(g2) and yy Ay2 = 1. Hence, o = a(y; Ayz) = h(g1) A h(g2), and it follows that
(a1,..an) = (91,92). O

If h: G — I is a theory of quasi-divisors of finite character, we may prove even a
stronger version of this result.
We first prove a simple lemma.
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Lemma 2.9. Let W be a family of t-valuations of a po-group G and let (g;y)w €
[1.cw Gw be a family of compatible and complete elements for i = 1,...,n. Let

n
ay = Zgi,w,
=1
by, =inf{g;:i=1,...,n},
and

cw =sup{giw:i=1,...,n}

Then (aw)w, (bw)w, and (cy ), are complete and compatible families.

Proof. For w,v € W we have

dy(ay) =dw, (Z gi,w) = Z dwv(gi,w)

i

= Z de(gi,v) =dy (Z gi,v) = dy(ay)

and it follows that (a, ). is a compatible family. Analogous results we receive for the
rest of families and for completeness. [

Proposition 2.10. Let h: G — I be a strong theory of quasi-divisors of finite charac-
ter. Then for any finitely generated t-ideal (ay,...,an); of Gy and any k,1 <k <m,
there exists g € G, such that

(@1,....am) = (@, 9):-

Proof. Let W be a defining family of finite character for G. For w € W we set
gw =wl@)A---Aw(ay) > 1.

Since W is of finite character, W, = {w € W: g, > 1} is a finite set. Let W, = {w €
W:w(ax) > gw}. Similarly, W, is finite. Since the families (w(a;))wew are compatible
and complete for i = 1,...,m, it follows that (g, )wew,um, is also compatible and
complete by Lemma 2.9. Now, according to {17, Theorem 3.5], the set W satisfies the
approximation theorem, and it follows that there exists g € G such that

w(g) =gw; WEW UMW,
w@ =2l weW\(Wuw).

Hence, since W is a defining family for G, we have g € G,. Then (ay,...,an); =
(ak,g):. In fact, we have g € (ai,...,an);. Conversely, let x € (ay,...,a,); and let
d < ax,g. Then for w € W, U W,, we have w(x) > w(d). If w € W \ (W, U W), then
w(g) > 1 = g, = w(ag), and it follows that w(d) = 1. Hence, w(x) > w(d) and we
have x > d. Therefore, x € (a;,g),. O
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3. Relationships between po-groups and domains

In the theory of divisibility many relationships between domains and their po-groups
of divisibility are well known. One of the first significant results in this direction is
due to Skula [21] who proved that a domain is a Krull domain if and only if its group
of divisibility admits a theory of divisors. Another result in this direction is due to
Geroldinger and Mockor [8]. They proved that a domain is a ring of Krull type if and
only if its group of divisibility admits a quasi-divisors theory of finite character.

In this section we describe relationships between arithmetical properties of integral
domains and properties of their groups of divisibility.

Griffin [10] proved that in a completely integrally closed domain of Krull type all
essential valuations are rank one. In this section we show that this result is of purely
multiplicative character since it may be proved using only groups of divisibility.

Recall that a directed po-group G is completely integrally closed if for any element
g € G such that there exists a € G; with ag” > 1 for all natural number n, then
g > 1. It is clear that a domain R is completely integrally closed if and only if its
group of divisibility G(R) is completely integrally closed. The analogical version of
the following proposition was proved in the monoid theory (see [6]) firstly. Although
the monoid approach is very similar to partially group approach (see [8]), we present
another proof of this proposition.

Proposition 3.1. Let W be a defining family of t-valuations of a po-group G which
satisfies the approximation theorem. If G is completely integrally closed then w is
rank one for each w € W.

Proof. Let us suppose that there exists w € W with rank > 1. Then there exists a
proper convex subgroup H of G,. Let « € H with <1 and f € G, \ H with f> 1.
Since W satisfies the approximation theorem, there exists g € G such that

wg)=a<l,
wi(g)>1, weWw#£w

Hence, g € G+. Using the approximation theorem, it may be easily proved that w is
an o-epimorphism. Hence, there exists a € G such that w(a) = f. Then we have
w(ag") = Bo” > 1. In fact, if fa" < 1 then since o” € H,a" < fu” < 1, it follows
that f.o® € H, a contradiction with § & H. Now, for w' € W,w' # w, we have
w'(ag®) > w'(a) > 1, and it follows that ag" € G for all natural number n. Since G
is completely integrally closed, we obtain g > 1, a contradiction. Therefore, w € W is
of rank one. [

Now, let R be a domain of Krull type and let W be a defining family of essential
valuations of finite character for R. For w € W let w : G(R) — G, be the canonical
o-homomorphism such that wwg = W, where wg is the semivaluation associated with
R. Since any w € W is an essential valuation, there exists an o-ideal H,, in G(R) such
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that w is equivalent to the canonical o-epimorphism G(R) — G(R)/H,. According to
Lemma 2.6, W is a t-valuation. It is clear that W = {: w € W} is a defining family
of t-valuations of finite character for G(R).

Skula [21] proved that if a po-group G is the group of divisibility of an integral
domain R and if G admits a theory of divisors, then it admits a strong theory of
divisors. In the monoid theory an analogical result was proved for a monoid analogy
of partially ordered groups with quasi divisor theory in [7]. Although this monoid
theory approach is very similar to partially groups approach (see [8]), we present this
result directly by using partially ordered group language.

Proposition 3.2. Let G be a po-group which is the group of divisibility of an integral
domain. If G admits a theory of quasi-divisors of a finite character, it admits a strong
theory of quasi-divisors.

Proof. Let R be an integral domain such that G(R) = G. According to [8, 5.4], R is
a ring of Krull type and there exists a defining family W of essential valuations of
finite character for R. Let W = {w:w € W} be a corresponding defining family of
t-valuations of finite character for G. According to [10, Theorem 9], the set W satisfies
the approximation theorem. We show that W satisfies the approximation theorem as
well. Let wy,...,w, € W and let (g:) € Gy, % --- x Gy, be a complete, compatible
system with respect to W. Since any W is a t-valuation, we have W; A Wi = wi A w;
and it follows that (g;); is also a complete and compatible system with respect to .
Hence, there exists a € K (the quotient field of R) such that

Wi(a):gi, i= 15---”1,
w@)>1, we W\ {w,...,w,}.

Therefore, the element g = wg(a) satisfies the conditions of the approximation theorem
for W. Now, according to [17, 3.5], G admits a strong theory of quasi-divisors. [

Using the above two propositions, Griffin’s result [10, Proposition 21], may be proved
immediately.

We could next to investigate the relationship between the so-called well-behaved
domains (introduced by Zafrullah [23]) and the corresponding groups of divisibility.
An integral domain R is called well behaved if for any prime t-ideal P of R, PRp is
also a t-ideal. To show that this notion is of purely multiplicative character, we need
to first recall some properties of z-local o-ideals (see [17]). Let H be an o-ideal of a
directed po-group G and let ¢ : G — G/H be the canonical o-homomorphism. Then
for any lower bounded subset .o/ C G/H, we may find a lower bounded subset A C G
such that {aH:a € A} = /. Then we set &/, = A,/H. In [17, 2.1], it is proved
that zy is an r-system of finite character in G/H. Then H is called a t-local o-ideal
provided that ¢4 is a local r-system, i.e., in (G/H), there exists a unique maximal
ty-ideal. In [17, Proposition 2.4], it was proved that H is a t-local o-ideal if and only
if G4 \ H is a prime #-ideal in G.
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We first list some further properties of the ty-system. Let s 7(G,x) denote the set
of x-local o-ideals of G containing the o-ideal T, where x is an r-system on G. Then
H(G,x) = #1}(G,x).

Lemma 3.3. Let G be a directed po-group and let H be an o-ideal of G.

(1) ty <t in G/H, i.e. X, CX, for any lower bounded subset X of G/H.

(2) #(G/H,t) C #(G/H, th).

(3) There exists a bijection ¢ : #(G/H,ty) — #u(G,t) such that for any T €
H#H(G/H,ty) the canonical isomorphism  : (G/HY T — Glo(T ) is a ((ty)7,te7))-
isomorphism.

Proof. (1) Let &/ C G/H be a lower bounded subset in G/H, and let x € o&/,,. Then
there exists a lower bounded subset 4 in G such that A/H = &/ and &/, = A,/H.
Hence there exists a finite subset K C A4 and x € K, such that x = xH. We show that
x € (K/H),. In fact, let @ = aH < K/H in G/H. Then for any k € K there exists
ke € H with ahy < k. Since H is directed, we may find » € H such that ah < ahy <k,
and it follows that x > ah. Therefore, x € (K/H), C ..

(2) Let 7 € #(G/H,t). According to [17, 2.4], the set Z = (G/H )\ Z is a prime
t-ideal in G/H. According to (1), 2 is a ty-ideal as well, and it follows that J is a
ty-local o-ideal.

(3) The existence of a bijection ¢ follows from [17, 2.2]. The equality (&), ) =
(Y(# )1, may be proved by simply computing corresponding ideals. O

We call a directed po-group G well behaved provided that for any #-local o-ideal H
of G, the unique maximal ty-ideal of G/H is a ¢-ideal.

Theorem 3.4. Let R be an integral domain and let G = G(R) be its group of divisi-
bility. Then the following statements are equivalent:

(1) R is well behaved.

(2) G(R) is well behaved.

Proof. (1) = (2): Let H be a t-local o-ideal of G and let & be the unique maximal
ty-ideal of G/H. According to [17, 2.1], there exists a prime f-ideal Q; of G such that
P = Q,/H. Moreover, o = G4 \ H is a prime t-ideal and 2 = «//H. Now, according
to [8, 4.7, there exists a prime ¢-ideal P of R such that w(P*) = &/, where w is the
canonical semivaluation of R. Since R is well behaved, PRp is a t-ideal. But the group
of divisibility of G(Rp) is o-isomorphic to G/H, and wp = natw is the semivaluation
associated with Rp. Hence, in G/H there exists a prime t-ideal Z,; corresponding to
PRp, ie., wp(PRy ) = 7;. In this case we have wp(PRp ) = o/ /H = &, and it follows
that & is a prime ¢-ideal of G/H.

(2) = (1): Let G be well behaved and let P be a prime ¢-ideal of R. Then Q; =
w(P*) is a prime t-ideal of G and the o-ideal H generated by G, \ Q; is t-local
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by [17, 2.4]. Since G is well behaved, Q,/H is a t-ideal, and according to [8, 4.7],
PRp = w~1(Q,/H) U {0} is a t-ideal. O
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